We analyzed the noise in functional magnetic resonance imaging (fMRI) scans of the human brain during rest. The noise spectrum in the cortex is well fi tted by a model consisting of two additive components: fl at-spectrum noise that is uniform throughout the MRI image and frequency-dependent biological noise that is localized to the neural tissue and declines from low to high temporal frequencies. We show that the frequency-dependent component is well fi tted by the f −p model with 0 < p < 1 throughout the measured frequency range. The parameters of the model indicate that the characteristic noise is not attributable to the temporal fi ltering of the hemodynamic response but is an inherent property of the blood oxygenation level-dependent (BOLD) signal. We then analyzed the power spectrum of the BOLD signal for various cognitive tasks. The signal-to-noise ratio of a typical fMRI experiment peaks at around 0.04 Hz.
Introduction
In a typical functional magnetic resonance imaging (fMRI) experiment, the local change in blood oxygenation level-dependent (BOLD) activity in the brain of a participant over time was measured while the participant engaged in certain sensorimotor or cognitive tasks [1] . Using this technique, the relative activation in cortical regions on a spatial scale of millimeters of cortex can be compared for a wide variety of tasks designed to isolate aspects of neural function-from early sensory processing to complex decision making and action planning. One major limiting factor for fMRI is the low signal-to-noise ratio (SNR) of the BOLD activity. Here, "signal" means the BOLD activity driven by the psychological tasks designated by the experimenters, and "noise" means the activity unrelated to such tasks. In a typical fMRI experiment, hemodynamic modulation induced by a psychological task is about 1%-5% around the mean activation level. The random variation of the BOLD activation can easily reach 2%-4% in magnitude [2] . Thus, fMRI data analysis is highly susceptible to noise. The purpose of this study was to analyze both the signal and noise power spectra of BOLD activation during a typical fMRI experiment time course. This knowledge has implications for better fMRI experimental designs and data analysis.
Because the noise is defi ned as the BOLD activity in the brain unrelated to any specifi c psychological task designated by the experimenter, the noise spectrum can be measured with a rest scan-that is, when participants are not required to perform any task except close their eyes and remain still throughout a scan run. The Fourier transform of such rest scan time series measures the average power spectrum of BOLD noise. It is important to understand the properties of the noise spectra to optimize the design of the activation signals for a maximal SNR.
It has been shown that the power spectrum of BOLD noise in the brain decreases with temporal frequency [3] [4] [5] [6] . In particular, Zarahn et al. [4] fi tted the power spectrum with arbitrary expressions containing a negative slope of −1 and called it 1/f noise. Here we offer a more detailed analysis of the noise properties in various brain structures. First, one might expect that there would be an irreducible component of equipment noise in the magnetic resonance detection process, which is expected by default to be Gaussian white noise by virtue of its derivation from multiples sources in the measurement system. This white noise must be combined with a characteristic hemodynamic noise component with a negative slope set by the properties of the oxygen resonance in the magnetic fi eld. It is not clear what aspect of the biological signal generates this negative slope.
We therefore analyzed the temporal frequency spectrum of the BOLD signal during rest scans in two ways. To isolate the nonbiological component, we characterized both the extracephalic fMRI spectrum for voxels selected from the space of the fMRI reconstruction lying outside the head and the spectrum for a water phantom. In the head, we segmented the voxels into those lying entirely within the cortical gray matter, those entirely within the white matter, those outside the brain, and a residual set on the basis of the mean BOLD level. As the cortical hemodynamic noise is most relevant for fMRI recording, we then characterized the (cortical) fMRI spectrum for gray matter voxels. For comparison, we also determined the fMRI spectrum for white matter voxels and extracephalic voxels.
The second approach was to analyze the slope of the noise power spectrum refl ecting the stochastic process of the noise-generating mechanisms. At the two extremes, a fl at spectrum of slope zero ("white noise") is a characteristic of a memoryless stochastic process, and a slope of −1 is a result of a long-memory random walk process. The slope of the noise power spectrum thus reveals much information on the mechanisms of the noise that fMRI measures. We therefore fi tted a multicomponent noise model to the data from rest scans.
The signal dynamics can be measured in both the frequency domain and the time domain. Bandettini [7] instructed his participants to move their fi ngers for a few seconds (on-epoch) and then rest for the same amount of time (off-epoch); they were then told to repeat the on-off switch several times. He showed that the BOLD activation change in the motor cortex between the on-and off-epochs increased with the period of on-off cycles. Boynton et al. [8] showed similar frequencydependent activation change in the visual cortex to visual stimuli. In general, these power spectra showed a low pass characteristic.
In the time domain, the BOLD activation change following a brief psychological event is well known. The typical BOLD activation in the responsive cortical area shows an increase shortly after the stimulus onset and a post-stimulation undershoot after the stimulus offset [9, 10] . The duration of the activation increment depends on the stimulus duration. However, because the hemodynamic response is essentially linear under most circumstances [8] , one can derive an empirical hemodynamic response function by deconvolving the activation time series and the sequence of stimulation [10] and, in turn, the power spectrum of the hemodynamic signal by its Fourier transform. Here we use the differential power spectrum of the fMRI signal to that of the noise to determine the temporal frequency of response with the best SNR. This result should help indicate the best time course for the fMRI experiments.
Noise

Spectra for Hardware Noise
We fi rst investigated noise from nonbiological sources. volumes acquired with 3-s TR. The extracephalic voxels in the analysis were selected from a contiguous zone along the edges of the slice images. Those voxels were at least 30 mm away from the closest encephalic voxels in the same-slice image. The time series data were acquired during a rest scan in eight participants. For images acquired with an echo planar imaging (EPI) sequence [11] , we avoided choosing extracephalic voxels in the phase selection direction of the images to minimize the infl uence of ghost images. The mean intensity of extracephalic voxels was less than 10% of the mean intensity of the gray matter voxels (i.e., close to black in the images). Figure 1 shows an example of the extraencephalic spectrum. The amplitude spectrum outside the brain is essentially fl at up to the Nyquist frequency of 0.17 Hz. For the fi t of a straight line over the full spectrum in this log-log plot, the average slope for our eight participants was −0.04 ± 0.08, showing no signifi cant deviation from a white noise spectrum.
There is concern that the noise amplitude in a voxel increases with the mean intensity of that voxel. In this case, because the cephalic voxels have much higher intensity than the extracephalic voxels, the power spectra from extracephalic voxels may not refl ect the full contribution of the hardware noise. Hence, we acquired data on water phantoms with the same time course as in the rest scan.
Although the mean intensity of the voxels in a water phantom was about 40 times the mean intensity of the extracephalic voxels in our scans, their power spectra showed similar behavior (Fig. 2) . Across the spectrum, the average slope was 0.0007 ± 0.0027 for the two water phantom scans. This white noise behavior is expected from the prediction based on thermal and other noise sources in the scanner. Figure 3 shows the power spectrum of time series data acquired in rest scans of eight participants. Six participants were scanned in the National Taiwan University magnetic resonance imaging/magnetic resonance spectroscopy (MRI/MRS) laboratory with an EPI sequence, and two participants were scanned in the Lucas Center of Stanford University with a spiral sequence. Because the participants were not required to perform any task during rest scans, the data acquired during such scans should be a good measurement of fMRI noise.
Noise Spectra in the Brain
In contrast to the machine noise, the noise in the gray matter was typically maximum at the lowest measurable frequency (0.004 Hz) and declined progressively with the frequency, leveling out at higher frequencies. The decline with frequency is an important result because it implies that the noise-limiting BOLD signal becomes lower as the analysis frequency is increased, up to a certain value. The cortical noise amplitude is typically far larger than the extracephalic (hardware) noise at low temporal frequency. The difference can be as much as two log units, tending to converge at higher temporal frequencies. Note that this entire spectral range is well below 1 Hz, so we should not expect signifi cant intrusion from heart pulses at ≥1 Hz. There might be some contamination from the respiration rate, however, because it should fall near 0.3 Hz. Nevertheless, we could not identify signifi cant intrusion of cardiopneumatic noise, which would be realized as a spike in the power spectrum.
The noise characteristics specifi c to the cortex, or gray matter, may be compared with the results of the corresponding procedure after isolating the underlying white matter in the same regions of the brain during the same scans. The results (Fig. 4) are qualitatively similar to those for the cortex, seen in Fig. 3 .
Because the noise spectrum is different inside and outside the head, it is evident that it consists of at least two components. We may analyze the component structure based on the simplifying assumption that there are two components that are additively independent: a component that derives from the dynamics of the BOLD activity (hemodynamic noise) and a component determined by thermal and other magnetic sources of noise in the scanner and its sensors (hardware noise). To obtain an uncontaminated estimate of the hemodynamic component of the noise, we make the assumption that the hardware noise component is uniform throughout the fMRI images (except in regions where ghost images from the head appear-any such regions were avoided for the extracephalic analysis). This assumption is justifi ed by the fl at spectrum for extracephalic noise and for the water phantom (Figs. 1, 2) . Hence, the spectrum of the hardware noise should be E(f ) = h, where h is a constant and f is the temporal frequency.
The cortical hemodynamic noise is assumed to have a uniform slope modeled by a power function B(f ) = bf p , where f is the frequency and p is the spectral slope. This power function corresponds to a straight line on a log-log plot and was termed a "1/f-like characteristic" by Bullmore et al. [5] . We assume that the hemodynamic noise and the hardware noise are independent from each other and combine by Fig. 4 . White-matter resting spectra. Data are the temporal frequency spectra from white matter in the same scan. Solid curve, two-component model fi ts the amplitude spectra adding their variances. Hence, in the cortex the noise spectrum, after the two sources combined, is
The fi ts for the two-component model are shown in Figs. 3 and 4 as the continuous curves for gray and white matter, respectively. The fi t of this model is much better than 1/f-like noise alone (dashed lines in Figs. 3 and 4) . On average, the sum-ofsquares error (SSE) for the two-component model is three times better than that for the simple 1/f-like model for the gray matter and more than fi ve times better for the white matter. Even considering the extra parameter, the reduction of SSE for the two-component model is highly signifi cant: F(8,414) = 46.72 (P < 0.0001) for gray matter and F(8,414) = 57.39 (P < 0.0001) for white matter, pooled across participants. The slopes of the decreasing part of the spectrum varied from −0.45 to −0.92 across participants, with a mean of −0.65 ± 0.18 for gray matter and from −0.68 to −0.89 with a mean of −0.69 ± 0.25 for white matter. These slopes, which are not signifi cantly different from one another, are about double those of the 1/f-like model fi t, which has mean slopes of −0.36 ± 0.18 for gray matter and −0.30 ± 0.19 for white matter.
Mechanisms of Spectral Slopes
For the present data, the spectrum is almost fl at at high temporal frequencies for most observers. This fl at spectrum implies a white noise characteristic in this frequency region. In contrast to the random walk, which is a "long memory" process, white noise is memoryless. That is, the history of the noise-generating mechanism does not affect current responses. Our analysis supports the idea that the measured noise derives from a combination of a long-memory component and a memoryless component of the overall noise. The major issue now becomes the interpretation of the hemodynamic component. The decrease in noise power with temporal frequency is reminiscent of what is commonly called "1/f noise" for the amplitude spectrum (which is the square of the amplitude spectrum), or "pink" noise. In fact, the average log-log slope for our data was −0.67, somewhat shallower than the full 1/f property despite removal of the white noise component. For 1/f behavior of the amplitude spectrum, there are two classic explanations: random-walk behavior or white noise followed by a fi rst-order fi lter. Random-walk behavior implies that the generating system randomly increases or decreases from its current position by a fi xed amount during each (arbitrary) time interval. A random walk mechanism would have an unlimited 1/f spectrum down to whatever was the lowest measured frequency. The random walk is characteristic of increments governed by coin-fl ipping and of systems such as stock markets; and it is independent of the amplitude distribution governing the step size.
The other type of mechanism, the fi rst-order fi lter, has asymptotic 1/f behavior for frequencies much higher than its corner frequency but an asymptotic slope of zero at low temporal frequencies. The only way to fi t the present temporal spectra with such a fi lter would be to assume that the f −p slope was governed by a process whose "corner" fell in the range of the measured frequencies in Fig. 3 , providing an empirical slope that was shallower than 1/f. However, the data show no tendency to level off at the lowest frequency (0.004 Hz), so we assume that the relevant model for the physiological noise component is, in fact, the f −p model. Further analysis shows that the f −p model of cortical BOLD noise is incompatible with the known blood dynamics in two ways. The blood dynamics relevant to the fMRI assay are characterized by the BOLD signal properties, which have been best analyzed by Buxton et al. [12] and Glover [10] . A representative fi t of their models is a biphasic function with shallow resonance and a time constant of about 10 s. If this model characterizes the hemodynamic impulse response, it must necessarily be the fi lter that defi nes the hemodynamic limit on the noise spectrum (assuming that the noise generator has a fl at spectrum). The frequency spectrum of such a hemodynamic fi lter model, as shown later, has a band-pass property that is obviously different from the noise spectrum. Zarahn et al. [4] made a similar point with respect to the 1/f fi t to their data.
We therefore conclude that the most likely candidate to explain the hemodynamic noise spectrum is a separate f +p property of the noise generation process rather than it being a refl ection of the hemodynamic response properties. This separate noise generation process may operate through an extended series of fi lters or be a kind of constrained random walk process. Because the distribution on each voxel is accurately Gaussian [2] , the falloff with frequency cannot be due to a nonlinearity in the amplitudes of the signal modulations but must be inherent in the time domain. At frequencies above about 1 Hz, this analysis suggests that the BOLD noise would conform to the f −p property, fl attening out when it reaches the level of the extracephalic noise. Our data suggest that the extracephalic-to-cortical noise ratio varies idiosyncratically among observers (Figs. 3, 4) , so the frequency at which fl attening occurs should also be idiosyncratic.
It is of interest that other aspects of brain processing also show a steep decline of noise amplitude with temporal frequency. Tyler et al. [13] , for example, reported that the noise spectrum of the electrical brain activity fell with a log-log slope close to −1 over the range of 1-100 Hz. To the extent that both the scalp electrical potential and the BOLD hemodynamic response derive from slow electrochemical potentials in the neural cell bodies and their processes, it is not surprising to fi nd a continuum of behavior in these activities. The implication of this joint result is that the neural potentials exhibit an approximation to 1/f behavior over more than a four-decade range of temporal frequencies, from 0.004 to 100 Hz.
Signal
Signal Spectrum
The signal spectrum of BOLD activation to certain sensorimotor or cognitive tasks may be obtained with a block design experiment. A typical block design fMRI experiment has the participants alternately perform two tasks several times. The two tasks, ideally, differ in only one neuronal function. The experimenters then contrast the BOLD activation difference to these two tasks. If one systematically changes the temporal frequency of the alternation and observes how BOLD activation contrast changes with the temporal frequency, one can obtain the BOLD contrast sensitivity function (i.e., the BOLD contrast versus temporal frequency function) for the neuronal function in question.
Bandettini [7] measured the BOLD contrast sensitivity function for fi nger movement in the motor cortex. The BOLD contrast increases with the decrease of the temporal frequency. As shown in Fig. 5 , we were able to fi t a low-pass fi lter function (dashed curve) to his data (open circles). The data were derived from Bandettini's Figure 19 .3 [7] . The noise spectrum (solid curve) is plotted in the fi gure as a comparison. The best-fi tting fi lter function was second order (i.e., a two-pole fi lter). Boynton et al. [8] reported the BOLD contrast sensitivity function for viewing an 8-Hz counter-phase fl ickering checkerboard in the primary visual cortex. The open triangles in Fig. 5 were taken from the GMB data in Figure 6 of Boynton et al. [8] . Again, the BOLD contrast sensitivity function (dash-dot curve in Fig. 5 ) is well fi t with a low-pass fi lter function. For these data, the best-fi tting function was fi rst order (i.e., a one-pole fi lter).
The hemodynamic response is essentially linear under most circumstances [8] . This implies that (1) the power spectrum of BOLD activation is the Fourier transform of the impulse response function [called hemodynamic response function (HRF) in this context] of the system; and (2) the fMRI time series is a convolution between HRF and the experimental sequence designated by the experimenter. These properties allow us to estimate the signal power spectrum from a vast body of time-domain data in the literature.
The shape of the hemodynamic response function is well known. Although there is disagreement about whether there is an initial dip 1-2 s [14] after the stimulus onset, it is generally agreed that the BOLD activation reaches its peak at around 4-6 s and is followed by a shallow undershoot that lasts up to 15-20 s after the stimulus onset. The theoretical hemodynamic impulse response functions show a similar biphasic form [12, 15] . Figure 6 shows an example of the BOLD response after the onset of a short (1 s) auditory stimulus measured in the temporal cortex by Glover [10] . This function, we found, can be well fi t by a difference of two gamma functions defi ned by dg(x) = w 1 (x/α 1 ) We then Fourier-transformed this fi tted response function to derive the predicted power spectrum of the BOLD activation as the dashed curve in Fig. 7 . Again, the typical noise spectrum (solid curve) is plotted in the fi gure as a comparison. In contrast to the power spectrum obtained in the frequency domain, the signal power spectrum in the time domain shows a band-pass property with maximum power at 0.04 Hz.
The HRF can be derived by deconvolving the fMRI time series data and the stimulus sequence designated by the experimenter. Chen et al. [16] did this analysis for their visual experiment and fi t the derived HRFs in the visual cortex with the difference in gamma functions. Here, we took the median of the difference in gamma parameters of the six participants in the study of Chen et al. [16] and computed a representative HRF of the visual cortex. We then Fourier-transformed this 6 . Difference of gamma fi t to a hemodynamic response measured by Glover [10] fi tted HRF to obtain the power spectrum of the BOLD activation as the dash-dot curve in Fig. 7 . This curve also shows a band-pass property, with maximum power occurring at 0.032 Hz. This peak frequency corresponds to a 31-s period of task switching in a block design, or a 15.5-s epoch length. The power spectrum estimated from Glover [10] showed a peak frequency at 0.04 Hz, corresponding to a 12.5-s epoch length in a block design. The difference between the two studies, 3 s, is even smaller than the TR (repetition time) of the 3.5 s used by Chen et al. [16] and would not be detectable in most block design experiments.
There is also a discrepancy between the power spectra derived from the time domain studies (which show a band-pass property as in Fig. 7 ) and those directly measured in the frequency domain (which show a low-pass property as in Fig. 5 ). The band-pass property of the power spectrum is expected based on the fact that the HRF shows a biphasic shape, which implies attenuation of the system response to a longer stimulus and tuning to an optimal temporal frequency. The question is why the power spectrum measured in the frequency domain did not show attenuation at the low frequencies, implying a monophasic HRF. The reason of this discrepancy remains unresolved. One possible reason is that the undershoot is attributable to a nonlinearity in the system, such as recovery from early adaptation for long stimulation that is equated across frequency in the frequency measurement paradigm.
Signal-to-Noise Ratio
Although there are discrepancies in the signal power spectra from various studies, the signal-to-noise (SNR) shares largely similar properties. Figure 8 shows the typical SNR as a function of temporal frequency assuming the typical noise parameters derived from Fig.3 . The solid curve is the SNR computed by dividing the signal spectrum from the temporal cortex to an auditory stimulation [10] ; the dashed curve, from the visual cortex to a visual stimulation [16] ; the dotted curve, from the motor cortex during fi nger movement [7] ; and the dash-dot curve, from the visual cortex to a visual stimulation [8] . Despite all these differences in brain areas and tasks, all the SNR curves show a band-pass property. The peak frequency ranges from 0.028 and 0.032 Hz in the two visual cortex studies [8, 16] to 0.04 Hz in the temporal cortex study [10] to 0.052 Hz in the motor cortex study [7] . This implies that, with a block design, a period of around 20-36 s or paired test and null epochs of 10-18 s should be the optimal stimulation rate. 
